This article deals with the compound methods with modulus m for generating uniform pseudorandom numbers, which have been introduced recently. Equidistribution and statistical independence properties of the generated sequences over part of the period are studied based on the discrepancy of d-tuples of successive pseudorandom numbers. It is shown that there exist parameters in compound methods such that the discrepancy over part of the period of the corresponding point sets in the d-dimensional unit cube is of an order magnitude of
INTRODUCTION
Equidistribution and statistical independence properties of uniform pseudorandom numbers can be analyzed based on the discrepancy of certain point sets in [0, 1) d . For N arbitrary points, t 0 , t 1 , . . . , t N−1 ∈ [0, 1) d , the discrepancy is defined by where p is prime and f (x) = x k − a k x k−1 − · · · − a 1 is the characteristic polynomial of the sequence (z n ) n≥0 .
In a series of papers, Niederreiter (see the reviews in Niederreiter [1977; 1978; ) proved that there exists a multiplier λ (a characteristic polynomial f (x)) such that for i = 1, 2, 3
where m is the period of the sequence of pseudorandom numbers. This estimate is interesting for N √ m(log m) d +1 . According to Levin [1989] , we can obtain a nontrivial discrepancy estimate also for a small part of the period: there exists a multiplier λ, a characteristic polynomial f (x) and initial values c 0 , c 1 , . . . , c k such that for i = 1, 2, 3
The smallest previously known discrepancy estimate over part of the period for other pseudorandom number generators satisfies D (u(n), . . . , u(n + d − 1))
where m is the period of the sequence (u n ) n≥0 (see the reviews and references in Eichenauer-Herrmann [1995] and Niederreiter [1992] ). Our goal is to obtain a nontrivial discrepancy estimate for a small part of the period for nonlinear pseudorandom numbers generators. In this article, we obtain a result similar to (1) for compound pseudorandom number generators that have been introduced recently (see the reviews in Drmota and Tichy [1997] , Eichenauer-Herrmann [1995] and L'Ecuyer [1994] 
be the corresponding stream of d-dimensional vectors of (ordinary) pseudorandom numbers in the interval [0, 1). A sequence (x n ) n≥0 of d-dimensional vectors of compound pseudorandom numbers in the interval [0, 1) is defined by
Since the primes p 1 , . . . , p r are distinct, it follows by standard arguments that the sequence (x n ) n≥0 is purely periodic with period length m = p 1 · · · p r . Compound methods are particularly suitable for parallelized computations, since the underlying sequences (x (i) n ) n≥0 can be computed by parallel processors. In the following, the d-dimensional vectors x 0 , x 1 , . . . , x m−1 of compound pseudorandom numbers are considered and the abbreviation
is used for 1
In the third section, we show that there exist parameters (c 1 ,
where the O-constant depends on the number of points among z
falling into certain hyperplanes over the finite field
To prove this we use the approach proposed in Levin [1989] and the average discrepancy estimate obtained in . A similar result is obtained also for the other characteristic of equidistribution and statistical independence properties of uniform pseudorandom numbers, for the diaphony (see Drmota and Tichy [1997] , Hellekalek and Niederreiter [1998] , and Zinterhof [1976] ). A heuristic algorithm of choosing parameters (c 1 , . . . , c r ) is proposed in this section. In the fourth section, the assertion (5) is applied to the compound nonlinear, inversive and explicit inversive congruential method. The second section contains necessary auxiliary results.
AUXILIARY RESULTS
First, some further notation is necessary. For integers d ≥ 1 and q ≥ 2, let C d (q) be the set of all nonzero lattice points (h 1 , . . .
and 
PROOF. According to Niederreiter [1992, p. 35] 
. Now, repeating the proof of Korobov [1992, p. 13] , we obtain the assertion of Lemma 2. ᮀ COROLLARY 1. Let T ≥ N ≥ 1 and q ≥ 2 be integers,
wherẽ
LEMMA 3. Let q ≥ 2, T ≥ 1 be integers. Then
for any divisor v of q with 1 ≤ v < q, and
DISCREPANCY BOUNDS

Classical Discrepancy
The following quantities play a crucial role in the analysis of the average discrepancy. For 1 ≤ i ≤ r and z
• Mordechay B. Levin PROOF. Repeating the proof of Eichenauer-Herrmann et al. [1997, Lemma 4] , we obtain that the left side of (9) is at most
Next, applying the final calculations of the proof of Eichenauer-Herrmann et al. [1997, Lemma 4] , we get the desired result. ᮀ
In the following, we use the abbreviation (see (2), (3), and (7))
LEMMA 5. Let 1 ≤ T ≤ m and m J = i∈J p i for subsets J of {1, . . . , r}. Then
PROOF. Define the left side of (11) by σ . Applying the Cauchy-Schwarz inequality, we obtain from (2), (3), (7) and (9) 
. By Lemma 4, we have
PROOF. Using Lemma 5 and the two inequalities of Lemma 3 (with q = m and v = m J ), we get that the left side of (12) is less than
According to Eichenauer-Herrmann et al. [1997, p. 211] ,
Now, from (13), we obtain the desired result. ᮀ
PROOF. It is easy to see that log
• Mordechay B. Levin
By Lemma 6, we get the desired result. ᮀ THEOREM 1. Let 0 < ε ≤ 1. Then there exist more than
PROOF. Let,
It follows from the Basic Lemma that
For N = 1, the statement (16) 
, we obtain from (17) the assertion of Theorem 1. ᮀ
The right side of (16) depends on the period m. We can obtain an estimate independently of the period m by applying the Erdős-Turan-Koksma inequality (see Drmota and Tichy [1997, p. 15] ):
where
For the smaller constant in (18), see Cochrane [1988] .
Using (18) 
It is easy to see that the estimate (19) is preferable to (16) for small parts of the period.
Remark 1. As in Levin [1989] , we can obtain a discrepancy estimate for a large set of subsequences of a given pseudorandom sequence (see also Knuth [1981, pp. 154-160 ] on subsequences of a random sequence). Repeating the proof of Theorem 1, we get the following result for the arithmetic progression subsequences:
The Diaphony and the Choice of Parameters
Let u 0 , . . . , u N−1 be a finite sequence of points in [0, 1) d . The number
is called the diaphony of the given sequence [Zinterhof 1976 ]. It is known that
where g (u) = 1 − (π 2 /6) + (π 2 /2)(1 − 2{u}) 2 (see Drmota and Tichy [1997, p. 24] and Zinterhof [1976] ).
Diaphony is closely related to discrepancy (see Lev [1995] and Stegbuchner [1979] ). The computational complexity of the discrepancy of the sequence (u n )
. This renders it an interesting alternative to the discrepancy in higher dimensions. (2)- (3) and
We have from (20) and (21) that
Using Lemma 2 and the Cauchy-Schwarz inequality, we obtain, for 1 ≤ N ≤ T ,
Hence, from (20), (22) and Lemma 3, we get
LEMMA 7. With the notation defined above, we have for 1
PROOF. We define the left side of (25) by σ . Applying the Cauchy-Schwarz inequality, we get from (22), (2), and (3) that
It is easy to see that
and
According to Hellekalek and Niederreiter [1998, pp. 49-51] ,
By the mean-value theorem of calculus, we obtain bounds
It follows from (28) and Lemma 3 that
Let J = {1 ≤ i ≤ r | h ≡ 0(mod p i )}, and m J = i∈J p i . Applying Lemma 4, we get from (27) that
Using Lemma 3 and (29) with M = m j , we have that
we get
Now, by (26) and (30), we obtain that
This is the desired result. ᮀ We obtain from (15)
((2/π) log T j + (7/5)) 1/2 (log 2 T j + 3) log 3/2 (log 2 T j + 3)
PROOF. Let
It follows from Corollary 2 that
( p i − 1).
For N = 1, the statement (31) 
Taking into account that 2N ≥ T j 0 , we obtain the assertion of Theorem 2. ᮀ
We choose the parameters (c 1 ,
, minimizing the expression
According to (23), we need for this O(dm 4 (log m) 3 ) arithmetic operations. It should be noted that the period m is usually more than 10 9 and it is not realistic to perform dm 4 (log m) 3 arithmetic operations with conventional computers. To reduce the number of operations, we propose the following heuristic procedure:
is the L 2 -discrepancy of the sequence (t n )
d (see the definition of the discrepancy in the introduction). According to Heinrich [1996] and Drmota and Tichy [1997, p. 372] there is an algorithm, which computes L 2 -discrepancy of the sequence (t n ) 
APPLICATION
The Compound Nonlinear Congruential Method
The nonlinear congruential method is introduced in Eichenauer et al. [1988] . The compound version of this method is proposed in Eichenauer-Herrmann [1994a] . The following k-dimensional variant of this method is investigated in Eichenauer-Herrmann and Niederreiter [1997] . For the average-case analysis, see Eichenauer-Herrmann and Larcher [1996] and Eichenauer-Herrmann and Niederreiter [1997] . For i ∈ {1, . . . , r}, j ∈ {1, . . . , k}, let g ij : Z → Z p i be a monic permutation polynomial of Z p i with degree d ij as a polynomial over Z p i and with g ij (0) = 0, where 3 ≤ d ij ≤ p i − 2 is assumed in order to avoid uninteresting cases. Let ( y
be the corresponding (ordinary) nonlinear congruential sequence of elements of
be the corresponding stream of (ordinary) nonlinear congruential pseudorandom numbers. Now in the compound approach, the corresponding stream of k-dimensional nonlinear congruential pseudorandom vectors in [0, 1) k is defined by x n = (x n1 , . . . , x nk ), with x nj ≡ x (1) nj + · · · + x (r) nj (mod 1), n ≥ 0. Since the primes p 1 , . . . , p r are distinct and ( g ij ), (i = 1, . . . , r; j = 1, . . . , k) are permutation polynomials, the sequence (x n ) n≥0 is purely periodic with period length m = p 1 · · · p r .
In the following, mutual statistical independence properties of the stream (x n ) n≥0 of uniform pseudorandom vectors are studied based on the equidistribution behavior of the s-tuples PROOF. For i ∈ {1, . . . , r} and h ∈ Z ks , let
h ij g ij (sz + ν − 1)(mod p i ).
We have from the condition of the theorem that for h ≡ 0(mod p i ), 1 ≤ deg(Q (i) (h, z)) ≤ d i . Hence
Taking into account that 3 ≤ d i ≤ p i − 2 (i = 1, . . . , r), we have that
Now, applying Theorem 1 , we get the assertion of Theorem 3. ᮀ
The Compound Inversive Method
The inversive congruential method is introduced in Eichenauer and Lehn [1986] . The compound version of this method is analyzed in EichenauerHerrmann [1994b] . For the average-case analysis, see Eichenauer-Herrmann and Emmerich [1996] . Let p 1 , . . . , p r ≥ 5 be distinct primes. For 1 ≤ i ≤ r, let a i ∈ Z * p i = Z p i \{0} and let (z 
